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ducting mixed convection flow of Casson fluid along non-isothermal moving wedge through porous
medium in the presence of viscous dissipation and heat generation/absorption. The governing par-
tial differential equations, subject to boundary conditions are transformed into ordinary differential
equations using similarity transformations. The transformed equations are then solved numerically
by Keller-box method. To check the validity of present method, numerical results for dimensionless
local skin friction coefficient and rate of heat transfer are compared with results of available liter-
ature as special cases and revealed in good agreement. The influence of pertinent parameters on
velocity, temperature profiles, as well as wall shear stress and heat transfer rate is displayed in
graphical form and discussed. It is found that fluid velocity increases with increase of Eckert num-
ber in case of assisting flow, while it decreases in case of opposing flow. It is also noticed that heat
generation/absorption parameter influence fluid velocity and temperature significantly. A significant
result obtained from this study is that heat transfer rate reduces with increase of Prandtl number in
the presence of viscous dissipation effect. Also, increasing values of Eckert number have no effects
on force convection flow.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The study of the flow field in a boundary adjacent to the wedge
is very important, and is an essential part in the area of fluid
dynamics and heat transfer. Especially, convectional flow of
Newtonian and non-Newtonian fluid over the wedge becomes
important currently. The pioneer work of Falkner-Skan [1] hasbeen extended by Rajagopal et al. [2] to second grade fluid over
wedge placed static inside the fluid. Later, Lin and Lin [3]
explored the characteristics of heat transfer in force convection
flow past a static wedge for any Prandtl number. Watanabe [4]
and Pop and Watanabe [5] investigated force and free convec-
tion boundary layer flow past a wedge, respectively. Motivated
by this, Kumari et al. [6] theoretically investigated mixed con-
vection flow over a wedge saturated in a porous medium under
the influence of magnetic field. Chamkha et al. [7] examined
the effects of thermal radiation on force convection along
non-isothermal wedge.
Figure 1 Physical model and coordinate system.
2140 I. Ullah et al.Further, Ishak et al. [8,9] analyzed boundary layer flow
over a wedge moving in micropolar and viscous fluid, respec-
tively. The influence of suction or injection on mixed convec-
tion flow of second grade viscoelastic fluid over permeable
wedge is reported by Hsiao [10]. An analytical solution of
mixed convection flow over porous wedge in the presence of
thermal radiation is found by Su et al. [11]. The effect of suc-
tion/blowing on force convection flow of Casson fluid caused
by wedge placed symmetrical to the fluid is presented by
Mukhopadhyay et al. [12]. The characteristics of heat transfer
on mixed convection flow of viscoelastic fluid along a perme-
able wedge under the influence of magnetic field is reported
by Rashidi et al. [13]. Recently, El-Dabe et al. [14] obtained
numerical solutions for electrically conducting forced convec-
tion flow of Casson fluid over a moving wedge.
In addition to convection heat transfer flow, the effect of
viscous dissipation and heat generation or absorption cannot
be ignored, as it has direct impact on heat transfer. For this
reason, both become essential in many physical situations,
viz. rocket engine, electronic chips, thermal insulation, semi-
conductor wafers and cooling of nuclear reactor. Keeping in
view of its applications, Gebhart [15] for the first time included
the effects of viscous dissipation in free convection. Later on,
Yih [16] explored the effects of viscous dissipation on force
convection flow caused by non-isothermal wedge under the
influence of magnetic field. The numerical results are obtained
by employing Keller-box method. Kandasamy et al. [17] ana-
lyzed mixed convection flow of viscous fluid past a wedge in
the presence of viscous dissipation numerically. The steady
state, two dimensional boundary layer flow adjacent to the
wedge in the presence of viscous dissipation and heat genera-
tion or absorption is discussed by Pal and Mondal [18]. They
obtained the non-similar solution by using Runge-Kutta-
Fehlberg scheme. They noticed that fluid temperature falls as
Eckert number increases. The influence of heat generation or
absorption on mixed convection flow caused by stationary
wedge is provided by Ganapathirao et al. [19]. Numerical
investigations on mixed convection flow of viscous fluid over
a porous non-isothermal wedge in the presence of viscous dis-
sipation and heat generation or absorption are carried out by
Prasad et al. [20]. They concluded that Eckert number and heat
source/sink parameter enhance the temperature significantly.
Ahmad and Khan [21] examined the influence of viscous
dissipation and heat generation or absorption on force convec-
tion flow of viscous fluid over a moving wedge subject to suc-
tion/injection. They observed that temperature is higher in the
presence of heat source. Khan et al. [22] obtained numerical
results of electrically conducting flow caused by moving wedge
in the presence of heat generation or absorption. They solved
the governing equations with the help of shooting method
together with Runge-Kutta-sixth order scheme. The effects
of heat generation or absorption and chemical reaction on
mixed convection flow along a vertical wedge subject to suc-
tion or injection are discussed by Ganapathirao et al. [23].
Very recently, Kasmani et al. [24] explored the effects of heat
generation on force convection flow over a wedge placed static
in the nanofluid numerically. They concluded that increasing
values of heat generation or absorption parameter leads to
higher temperature.
The above discussion and applications in existing literature
are the source of motivation to investigate the effects of vis-
cous dissipation and heat generation or absorption on mixedconvection flow of Casson fluid over a moving wedge under
the influence of magnetic field. The non-linear partial differen-
tial equations transformed into non-linear ordinary differential
equations with the help of similarity transformation. The
highly nonlinear transformed equations are solved numerically
by using an implicit finite difference scheme known as Keller-
box method [25]. Comparisons of some special cases are made
with the results of available literature and found in good
agreement.2. Mathematical formulation
A steady mixed convection flow of Casson fluid over a moving
wedge through porous medium in the presence of magnetic
field is considered. It is assumed that wedge is moving with
the velocity uwðxÞ ¼ Uwxm and the free stream velocity
ueðxÞ ¼ U1xm; where Uw and U1 are constants. Here
k ¼ 2m
mþ1 is the Hartree pressure gradient parameter correspond-
ing to k ¼ Xp for the total angle X of the wedge (see Fig. 1). It is
also assumed that the induced magnetic field caused by the
motion of electrically conducting fluid is neglected, as it is very
small compared to magnetic field. Further, the buoyancy force
generates due to temperature differences inside moving fluid,
and is taken in momentum equation. The effects of viscous dis-
sipation and heat generation/absorption are included in pre-
sent study. Further, the wall of wedge is heated by variable
temperature TwðxÞ ¼ T1 þ Ax2m and free stream temperature
is denoted by T1.
The rheological governing equations for momentum and
energy are given as
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Hydromagnetic Falkner-Skan flow of Casson fluid 2141where u and t denote the velocity components in x and
y-directions respectively, m is kinematic viscosity, b is the
Casson parameter, r is the electrically conductivity, BðxÞ ¼
B0x
ðm1Þ=2 [11] is magnetic field with B0 the strength of the
magnetic field, q is the fluid density, / is the porosity, k1 is
the permeability of porous medium, g is the gravitational force
due to acceleration, ‘+’ sign corresponds to assisting flow, ‘’
is for opposing flow, bT is the volumetric coefficient of thermal
expansion, T is the fluid temperature, k is the thermal conduc-
tivity of the fluid, cp is the specific heat at constant pressure
and QðxÞ ¼ Q0xm1 is heat generation/absorption coefficient.
The corresponding boundary conditions are written as
follows:
u ¼ uwðxÞ; v ¼ 0; TwðxÞ ¼ T1 þ Ax2m at y ¼ 0 ð4Þ
u! ueðxÞ; T! T1 as y!1; ð5Þ
Introduce the following similarity variables:
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where the stream function w is defined by the following
relations:
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From Eq. (6) in above equation, we can write
u ¼ ueðxÞf 0ðgÞ; v ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðmþ 1Þue
2x
r
fþ m 1
mþ 1
 
gf 0ðgÞ
 
ð7Þ
From Eqs. (2)–(7), one arrives at the following non-
dimensional system:
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Here magnetic parameter,M2 ¼ 2rB20qU1ðmþ1Þ , Porosity parameter,
K ¼ 2m/x
k1ðmþ1Þue, Reynold’s number, Rex ¼
xue
m , Grashof number,
Grx ¼ 2gbTT1x3m2ðmþ1Þ , thermal buoyancy parameter, kT ¼  GrxRe2x
(kT > 0 corresponds to assisting flow and kT < 0 is for oppos-
ing flow), Prandtl number, Pr ¼ lcpa , Eckert number,
Ec ¼ u2e ðxÞ
cpðTwT1Þ, heat generation/absorption parameter,
e ¼ Q0
cpU1
and Moving wedge parameter, c ¼ Uw
U1
.
The skin friction coefficient Cfx and local Nusselt number
Nux are defined as
Cfx ¼ swqu2e
; Nux ¼ xqw
kðTw  T1Þ ð12Þ
where sw and qw are the wall skin friction and wall heat flux,
respectively, defined bysw ¼ lB 1þ
1
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Using Eqs. (6) and (13), Eq. (12) will take the form of
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The system of Eqs. (8) and (9) along with the corresponding
boundary conditions (10) and (11) are solved numerically by
using finite difference scheme known as Keller-box method
[25]. Results are computed and presented in tables graphically.
3. Results and discussion
In this section, the numerical results for velocity ðf 0ðgÞÞ and
temperature ðhðgÞÞ with corresponding boundary conditions
as well as skin friction coefficient 1þ 1b
 
f 00ðgÞ
 
and Nusselt
number ðh0ðgÞÞ have been computed and presented graphi-
cally in Figs. 2–21. These results demonstrate the effects of
Casson fluid parameter b, Pressure gradient parameter k, mag-
netic parameter M, porosity parameter K, thermal buoyancy
parameter kT, Prandtl number Pr, Eckert number Ec, heat
generation/absorption parameter e and moving wedge param-
eter c. In order to check the validity of present method, the
results are compared with results of existing literature, and
shown in Tables 1–3.
Tables 1 and 2 illustrate the comparison of local skin fric-
tion coefficient for different values of m with the results of
Watanabe [4], Kumari et al. [6], Ganapathirao et al. [23], Ishak
et al. [8], Yih [16], Cebeci and Bradshaw [25] and Mukhopad-
hyay et al. [12], and are found in excellent agreement. It is also
observed from these tables that local skin friction coefficient
increases with the increase of m. Table 3 demonstrates the
comparison of rate of heat transfer coefficient for different val-
ues of Pr. The comparison is made with the results of Lin and
Lin [3], Yih [16] and Chamkha et al. [7] and revealed good
agreement. It is also found that rate of heat transfer coefficient
is higher for large values of Pr.
Table 4 describes the variation of wall shear stress and heat
transfer rate obtained from the present method for increasing
values of pertinent parameters.
Figs. 2–9 demonstrate the variation of velocity profile for
various values of b, k, M, K, kT, c, Ec and e, respectively.
Fig. 2 shows the effect of b on velocity profile for various val-
ues of kT. It is worth mentioning here that b!1 corresponds
to Newtonian fluid, ðkT > 0Þ represents assisting flow, ðkT < 0Þ
denotes opposing flow and ðkT ¼ 0Þ is for force convection
flow. It is found that velocity is an increasing function of b
in all cases of kT. The reason behind this is that increase of b
leads to decrease in yield stress py, and consequently, reduces
momentum boundary layer thickness. It is also observed that
velocity is higher in case of Newtonian fluid for assisting flow
ðkT > 0Þ. Fig. 3 illustrates the effect of k on velocity profile for
Newtonian and Non-Newtonian fluids. It is noteworthy that
k > 0 corresponds to decreasing pressure, k ¼ 0 represents flat
plate case and k < 0 shows increasing pressure case. It is
observed that fluid velocity increases when k < 0, and reduces
when k > 0. Interestingly, velocity is higher for Newtonian
Table 1 Comparison of coefficient of local skin friction f 00ð0Þ for different values of m with Pr ¼ 0:73,M ¼ K ¼ kT ¼ Ec ¼ e ¼ c ¼ 0
and b!1. Where k ¼ 2m=mþ 1.
f 00ð0Þ
m Watanabe [4] Kumari et al. [6] Ganapathirao et al. [23] Ishak et al. [8] Present results
0 0.46960 0.46975 0.46972 0.4696 0.4696
0.0141 – 0.50472 0.50481 0.5046 0.5046
0.0435 0.56898 0.56904 0.56890 0.5690 0.5690
0.0909 0.65498 0.65501 0.65493 0.6550 0.6550
0.1429 0.73200 0.73202 0.73196 0.7320 0.7320
0.2000 0.80213 0.80214 0.80215 0.8021 0.8021
0.3333 0.92765 0.92766 0.92767 0.9277 0.9277
0.5000 1.03890 – 1.03890 – –
1 – – – 1.2326 1.2326
5 – – – 1.5504 1.5504
100 – – – 1.6794 1.6794
1 – – – 1.6872 1.6872
Table 2 Comparison of skin friction coefficient f 00ð0Þ for
various values of m for Newtonian Fluid, where k ¼ 2m=mþ 1.
f 00ð0Þ
m Yih [16] Cebeci and
Bradshaw [25]
Mukhopadhyay
et al. [12]
Present
results
0.05 0.213484 0.21351 0.213802 0.21321
0.0 0.332057 0.33206 0.332206 0.33206
0.3333 0.757448 0.75745 0.757586 0.75743
1 1.232588 1.23259 1.232710 1.23259
Table 3 Comparison of coefficient of local skin friction
h0ð0Þ for different values of Pr with
k ¼M ¼ K ¼ kT ¼ Ec ¼ e ¼ c ¼ 0 and b!1.
h0ð0Þ
Pr Lin and Lin
[3]
Yih [16] Chamkha et al.
[7]
Present
results
1 0.332057 0.332057 0.332173 0.3320
10 0.728148 0.728141 0.72831 0.7281
100 1.57186 1.571831 1.57218 1.5718
1000 3.38710 3.387083 3.38809 3.3881
10,000 7.29742 7.297402 7.30080 7.3102
2142 I. Ullah et al.fluid as compared to Non-Newtonian fluid. Furthermore,
thickness of momentum boundary layer increases as k
increases. To illustrate the effect of M on velocity profile both
assisting and opposing flows are presented in Fig. 4. It is
observed that increasing values ofM leads to increase the fluid
flow in both cases of assisting and opposing flows. Physically,
M is the ratio of electromagnetic force to viscous force, there-
fore increasing values ofM means decreasing the viscous force
that results in reduction in velocity boundary layer thickness.
Fig. 5 reveals the effect of K on velocity profile for various
values of k. It needs to mention that K ¼ 0 represents non-
porous medium, whereas K–0 is for porous medium. It is
noticed that velocity of fluid is higher for higher values of K.
Porosity is defined as the measure of void (or empty) spacesin a porous medium and is a fraction of the volume of voids
over the total volume. Convection flows are often influenced
by porosity and in result raise the fluid velocity. The effect
of kT on velocity profile for various c is exhibited in Fig. 6.
The velocity is found increasing for assisting flow ðkT > 0Þ
while decreases for opposing flow ðkT < 0Þ. This phenomenon
can be supported by the fact that buoyancy force is stronger
for assisting flow and weaker for the opposing flow. It is also
found that momentum boundary layer thickness decreases
rapidly for assisting flow as wedge is moving in flow direction.
Fig. 7 elucidates the effect of c on velocity profile in porous
and non-porous medium. It is worth to mention that c < 0 cor-
responds to the case when wedge is moving opposite to the
fluid motion, c ¼ 0 represents static or stationary wedge case
and c > 0 is the case when wedge and fluid move in the same
direction. It is noticed that velocity is increasing function of
c. It is also noticed that velocity of fluid merely squeezes closer
and closer to the wall when wedge and fluid move in one direc-
tion through porous medium.
The influence of Ec on velocity profile for assisting and
opposing flows is shown in Fig. 8. It is interesting to note that
for assisting flow, fluid velocity rises for increasing values of Ec
while for opposing flow, it falls as Ec increases. It is notewor-
thy here that increasing values of Ec have no effect on velocity
profile when kT ¼ 0. Fig. 9 exhibits the effect of e on velocity
profile in porous and non-porous medium. It is important to
note that e > 0 is for heat generation and e < 0 corresponds
to heat absorption case. It is found that velocity is higher for
increasing values of e. It is also seen that momentum boundary
layer becomes thinner as e increases in presence of porous
medium.
In Figs. 10–18, numerical results are displayed graphically
for dimensionless temperature profile for different values of
b, k, M, K, kT, c, Ec, e and Pr, respectively. Fig. 10 shows
the effect of b on dimensionless temperature profile for various
values of kT. A decrease in fluid temperature is seen for increas-
ing values of b in all cases of kT. A decrease in thermal bound-
ary layer thickness is also observed. Fig. 11 is depicted to get
insight of the effect of k on dimensionless temperature profile
in porous and non-porous medium. It is interesting to see that
in both cases of porous and non-porous medium, fluid temper-
ature decreases when k > 0 and increases when k < 0. It is also
Table 4 Numerical results for skin friction coefficient and Nusselt number for different values of b, k, M, K, kT, Pr, c, Ec and e.
b k M K kT Pr c Ec e 1þ 1=bð Þf 00ð0Þ h0ð0Þ
0.6 0.4 0.2 0.6 0.3 0.72 0.3 0.4 0.2 1.5274 0.4650
0.8 1.4064 0.4835
2 1.1552 0.5262
0.6 1.6489 0.5861
1.5 2.1192 0.9761
0.8 1.7683 0.4601
1.2 2.0455 0.4515
0.8 1.6118 0.4636
1.5 1.8771 0.4570
0 1.4240 0.4659
0.2 1.3542 0.4660
1 1.5206 0.5052
3 1.5010 0.6115
0 2.0278 0.1939
0.3 2.4473 0.1312
0.8 1.5323 0.3403
1.2 1.5373 0.2144
0.5 1.5433 0.1781
0.8 1.5755 0.1265
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Figure 2 Effect of b on velocity for various kT.
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Figure 3 Effect of k on velocity for different b.
Hydromagnetic Falkner-Skan flow of Casson fluid 2143noticed that in case of decelerated flow temperature gets peak
values near the wall and then gradually decreases as moving
away. To demonstrate the effect of M on temperature profile
both assisting and opposing flows are depicted in Fig. 12. It
is found that fluid temperature is lower for increasing values
ofM. It is well known fact that Lorentz force generates in elec-
trically conducting fluid, which reduces thickness of thermal
boundary layer and consequently temperature falls.
Fig. 13 exhibits the influence of K on dimensionless temper-
ature profile for different values of c. It is noticed that in all
cases of c, temperature falls as K increases. It is also seen that
temperature increases near the wall when wedge and fluid have
opposite direction. Further, temperature reduces slightly when
c < 0. A similar behavior is observed for increasing value of kT
on temperature for k < 0 and k > 0 (see Fig. 14). The reason
behind this is that, kT is defined as the ratio of buoyancy force
to viscous force in the boundary region; therefore, buoyancyforce implies a rise in rate of heat transfer resulting in decrease
in temperature. To get insight of the variation of dimensionless
profile for increasing values of c, Fig. 15 is plotted. It is found
that temperature is decreasing function of c. Temperature peak
values are also observed near the boundary in the presence of
viscous dissipative heat when c < 0. Furthermore, rapid
decrease in thermal boundary layer thickness is also seen when
c > 0.
Fig. 16 displays the effect of Ec on temperature profile for
different values of c. It is seen that temperature is higher for
larger values of Ec. The explanation for this phenomenon is
that in moving fluid heat energy is stored because of frictional
heating, and results in higher temperature. In addition to this,
stronger viscous dissipative heat causes an increase in fluid
temperature. It is also very interesting to note that temperature
overshoots near the wall as Ec increases when wedge is moving
opposite in fluid direction ðc < 0Þ. The effect of e on dimen-
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Figure 4 Effect of M on velocity for various kT.
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Figure 5 Effect of K on velocity for various k.
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Figure 7 Effect of c on velocity for various K.
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Figure 8 Effect of Ec on velocity for various kT.
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Figure 9 Effect of e on velocity for two different values of K.
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Figure 10 Effect of b on temperature for various kT.
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Figure 12 Effect of M on temperature for various kT.
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Figure 13 Effect of K on temperature for various c.
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Hydromagnetic Falkner-Skan flow of Casson fluid 2145sionless temperature profile for various values of c is provided
in Fig. 17. It is noticed that temperature enhances for e > 0.
Physically, increasing heat source implies more energy pro-
duces resulting in temperature enhancement. On the other
hand when e < 0 it has opposite behavior. In simple word, heat
generation has tendency to enhance the fluid temperature,
while heat absorption decreases it. Also, for e > 0 temperature
peak occurs near wall of the wedge. Nevertheless, it is evident
that temperature decreases significantly, when wedge and fluid
move in same direction.
The influence of Pr on dimensionless temperature profile
for assisting and opposing flows is displayed in Fig. 18. Inter-
estingly, fluid temperature increases close to wall and then
merely reduces for increasing values of Pr. As expected, rate
of thermal diffusion is lowered as Pr increases. In short, higher
values of Pr lead to decrease in thermal boundary layer thick-
ness. Consequently, temperature falls.
To illustrate the characteristics of local skin friction coeffi-
cient 1þ 1b
 
f 00ð0Þ
 
and Nusselt number ðh0ð0ÞÞ for differ-
ent values of b, K, kT, c, Ec, e and Pr, Figs. 19–21 are
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Figure 15 Effect of c on temperature for different Ec.
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Figure 17 Effect of e on temperature for various c.
2146 I. Ullah et al.plotted, respectively. Fig. 19 displays the effect of local skin
friction coefficient for different values of b, kT and c. It is
found that increasing values of kT enhance wall shear stress
while it decreases with increase of b and c. The variations of
heat transfer coefficient for various values of Pr, Ec and e
are shown in Fig. 20. It is interesting to note that rate of heat
transfer increases at the moving wedge surface as Pr increases
when Ec ¼ 0, whereas it starts decreasing for increasing values
of Pr in presence of viscous dissipative heat ðEc–0Þ. This
mechanism clearly shows that when heat is dissipated to the
fluid through walls, it increases the thermal conductivity (or
lower viscosity) of fluid, which results in a rise in boundary
layer thickness and therefore, rate of heat transfer decreases
at the wedge surface. Moreover, it is observed that rate of heat
transfer is decreasing function of Ec and e.
Finally, Fig. 21 reveals the variations of Nusselt number for
different values of b, K and c. It is noticed that rate of heat
transfer is higher for increasing values of b and c while rate
of heat transfer falls as K increases.0 1 2 3 4 5 6 7 8
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Figure 18 Effect of Pr on temperature for various kT.
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This study reveals numerical investigation of mixed convection
electrically conducting flow of Casson fluid along a moving
wedge saturated in porous medium in presence of viscous
dissipation and heat generation/absorption. The governing
non-linear partial differential equations are transformed to
nonlinear ordinary differential equations by using the similar-
ity transformation, and then solved numerically by Keller-box
method. The obtained results for local skin friction coefficient
and heat transfer coefficient are compared with the results of
existing literature. Effects of Casson parameter b, pressure gra-
dient parameter k, magnetic parameter M, porosity parameter
K, thermal buoyancy parameter kT, moving wedge parameter
c, Eckert number Ec, heat generation/absorption parameter e
and Prandtl number Pr on velocity profile, temperature profile,
wall shear stress and heat transfer rate are computed, dis-played graphically and discussed. Some interesting findings
are as follows:
 Fluid flow increases with the increase of b, M , K, kT and e.
 Fluid velocity decreases with increase of k.
 Fluid velocity increases with increase of Ec when kT > 0,
and decreases when kT < 0.
 The dimensionless temperature decreases with the increase
of b, k, M , K, kT , c and Pr.
 The dimensionless temperature increases with the increase
of Ec and e.
 The local skin friction coefficient increases with the increase
of kT .
 The local skin friction coefficient decreases with the increase
of b and c.
 The rate of heat transfer increases with the increase of b and
c.
 The heat transfer rate decreases with increase of Ec, e and
K.
 The rate of heat transfer decreases with increase of Pr when
Ec–0 and increases when Ec ¼ 0.Acknowledgments
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